BILINEAR DECOMPOSITIONS FOR THE PRODUCT SPACE 

Hi x BMO L 



LUONG DANG KY 



Abstract. In this paper, we improve a recent result by Li and Peng on products 
of functions in #i(K d ) and BMO L (R d ) 1 where L = —A + V is a Schrodinger 
operator with V satisfying an appropriate reverse Holder inequality. More pre- 
cisely, we prove that such products may be written as the sum of two continuous 
bilinear operators, one from #i(R d ) x BMO L (R d ) into L 1 (M d ), the other one 
from Hl(R d ) x BMO L (R d ) into ff loE (M d ), where the space i? lo s(R d ) is the set of 
distributions / whose grand maximal function 971/ satisfies 

\W(x)\ 



\og(e+\mf(x)\)+\og(e + \x\) 



dx < oo. 



1. Introduction 

Products of functions in H l and BMO have been firstly considered by Bonami, 
Iwaniec, Jones and Zinsmeister in [2]. Such products make sense as distributions, 
and can be written as the sum of an integrable function and a function in a weighted 
Hardy-Orlicz space. To be more precise, for / G if 1 (IR d ) and g G BMO(M. d ), we 
define the product (in the distribution sense) / x g as the distribution whose action 
on the Schwartz function (p G 5(IR d ) is given by 

(1.1) (/ x 9,<P) '= (<P9,f), 

where the second bracket stands for the duality bracket between i/ 1 (R d ) and its 
dual BMO(R d ). It is then proven in [2] that 

(1.2) fxgeL 1 (R d )+Hf(M. d ). 

Here H^(W d ) is the weighted Hardy-Orlicz space related to the Orlicz function 

(1-3) H(t) := * 

log(e + 1) 

and with weight a(x) := 

Let L = — A + V be a Schrodinger operator on W 1 , d > 3, where V is a nonnegative 
potential, V ^ 0, and belongs to the reverse Holder class RHd/2- In [3] and [1], 
Dziubahski et al. introduced two kinds of function spaces associated with L. One is 
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THE PRODUCT SPACE Hi x BMO L 2 

the Hardy space Hj^(R d ), the other is the space BMOl (IR d ). They established in [3] 
that the dual space of H^{R. d ) is just BMOi(l d ). Unfortunately, as for the classical 
spaces if 1 (IR d ) and BMO(R d ), the pointwise products fg of functions / G Hl(R d ) 
and functions g G BMOifl^) maybe not integrable. However, similarly to the 
classical setting, Li and Peng showed in [8] that such products can be defined in the 
sense of distributions which action on the Schwartz function ip G iS(R d ) is 

(1-4) (f x g,<p) := (<pgj), 

where the second bracket stands for the duality bracket between Hl(M. d ) and its 
dual BMOlI^)- Moreover, they proved that / x g can be written as the sum of 
two distributions, one in L x (]R d ), the other in H^ a (R d ) the weighted Hardy-Orlicz 
space associated with L related to the Orlicz function E(t) = log ^ +t ^ and the weight 
a(x) = i — i 1 i pr , see Definition 12.31 

v ' log(e+|x|)' 1 * 

More precisely, in [8], the authors proved the following. 

Theorem 1. For each f G H^(Mr), there are two bounded linear operators Lf : 
BMO L (R d ) -> L 1 (M d ) and H f : BMO L (R d ) -> #f >(T (M d ) such that for every g G 
BMO L (R d ), we have 

(1.5) fxg = L f (g) + H f (g) 

and the uniform bound 

(1-6) \\L f (g)\\ L i + \\H f (g)\\ Hf(T <C\\f\\ 

Hi \\g\\BMO+i 

where \\g\\ BMO + = \\g\\BMO L + I°b|; 9b denotes the mean value of g over the unit ball 
B. 

Our main theorem is as follows. 

Theorem 2. There are two bounded bilinear operators Si : Hj^(R d ) x BMOi(R d ) — )■ 
L 1 (M d ) and T L : ^(R d ) x BMO L (R d ) -> # lo s(M d ) sucfc tfca* /or ewn/ (/,o) G 
#l(M d ) x MOi^j, we /iawe 

(1.7) fxg = S L (f,g) + T L (f,g) 
and the uniform bound 

(1.8) \\S L (f,g)\W + \\T L (f,g)\\ Hl a e < C\\f\\ Hi \\g\\ BMOL . 
Here H l ° s (M. d ) is a new kind of Hardy-Orlicz space consisting of all distributions 

3K/(s) 

log(e+OT/(^))+log(e+|x|)' 



/ such that j" Rd log(e+anf 7i5+io g(e+ un ^ < oo with the norm 



H l °z 



inf ( A > : / 7 £ < 1 



log + +log(e+ |x|) 

Recall that the grand maximal operator 9Jt is defined by 
(1.9) Tlf(x) = sup sup \f*<fH(y)l 

cj}£A \y-x\<t 
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where A = {4> G S(R d ) : \</>(x)\ + \V(f>(x)\ < (1 + Ix] 2 )^ 1 )} and <p t {-) := r^t" 1 -)- 
Note that H log (M. d ) C i/£ cr (M o! ) with continuous embedding, see Section [3] Com- 
pared with the main result of [8] (Theorem [1]), our main result makes an essential 
improvement in two directions. The first one consists in proving that the space 
H^ a (M. d ) can be replaced by a smaller space H log (R d ). Secondly, we give the bilin- 
ear decomposition (11.71) for the product space Hl(M. d ) x BMOi(R d ) instead of the 
linear decomposition (11.51) depending on / G H^iM. 4 ). Moreover, we just need the 
-BMO^-norm (see (II .8p ) instead of the BMO|-norm as in (jl.fip . 

In applications to nonlinear PDEs, the distribution fxg£ S'(M. d ) is used to justify 
weak continuity properties of the pointwise product fg. It is therefore important to 
recover fg from the action of the distribution / x g on the test functions. An idea 
that naturally comes to mind is to look at the mollified distributions 

(1-10) {fxg) e =(fxg)*<f> e , 

and let e -» 0. Here G S{R d ) with f Rd <p(x)dx = 1. 

In the classical setting of / G if 1 (R d ) and g G BMO(M. d ), Bonami et al. proved 
in [2] that the limit (11.101) exists and equals fg almost everywhere. An analogous 
result is also true for the Schrodinger setting. Namely, the following is true. 

Theorem 3. Let f G Hl(R d ) and g G BMO L (R d ). Then, for almost every x G R d , 

\im(f x g) e {x) = f{x)g{x). 

Throughout the whole paper, C denotes a positive geometric constant which is 
independent of the main parameters, but may change from line to line. 

The paper is organized as follows. In Section 2, we present some notations and 
preliminaries about Hardy type spaces associated with L. Section 3 is devoted to 
prove that H log (M. d ) C Hf; a (M. d ) with continuous embedding. Finally, the proofs of 
Theorem [2] and Theorem [3] are given in Section 4. 

Acknowledgements. The author would like to thank Aline Bonami and San- 
drine Grellier for many helpful suggestions and discussions. 

2. Some preliminaries and notations 
In this paper, we consider the Schrodinger differential operator 

L = —A + V 

on M d , d > 3, where V is a nonnegative potential, V ^ 0. As in the works of 
Dziubahski et al [31 H] , we always assume that V belongs to the reverse Holder class 
RHd/2- Recall that a nonnegative locally integrable function V is said to belong to 
a reverse Holder class RH q , 1 < q < oo, if there exists C > such that 

(w\S {v{x)fdx ) llq -w\S v{x)dx 

B B 

holds for every balls B in M, d . 
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Let {T t } t>0 be the semigroup generated by L and T t (x, y) be their kernels. Namely, 
T t f(x) = e- tL f(x) = [ T t (x,y)f(y)dy, f G L 2 {R d ), t > 0. 



BMO L 

p(x)<r 



'$i d 

We say that a function / G L 2 (R d ) belongs to the space H^(IR d ) if 

II/IIhi := \\M L f\\iA < oo, 

where /Aif(x) := sup <>0 |T t /(x)| for all x G R d . The space i/^(IR d ) is then defined 
as the completion of H^(IR d ) with respect to this norm. 

In [3] it was shown that the dual of Hj j (M d ) can be identified with the space 
BMO L {R d ) which consists of all functions / G BMO(R d ) with 

\bmo+ sup 1 / \f(y)\dy < oo, 
p ( x) <r\B{x,r)\ J 

B(x,r) 

where p is the auxiliary function defined as in [pj, that is, 

(2.1) p(x) = sup{r>0:^ ^ Vfo)^ < l}, 

B(x,r) 

x G M '. Clearly, < p(x) < oo for all x G M d , and thus R d = \J neZ B n , where the 
sets B n are defined by 

(2.2) £ n = {x G M d : 2~ (n+1)/2 < p(x) < 2~ n/2 }. 
The following proposition is due to Shen [9j. 

Proposition 2.1 (see [PJ, Lemma 1.4). There exist Cq > 1 and A; > 1 suc/i £/ia£ 
/or a// x, y G 

c »vw(i + ^)"'"</>w<^w(i + ^^ 

Here and in what follows, we denote by Cl the L-constant 

(2.3) C L = 8.9 ka C 



where ko and Co are defined as in Proposition 12.11 

Definition 2.1. Given 1 < q < oo. A function a is called a (Hj j ,q)-atom related to 
the ball B(x ,r) if r < Clp(x ) and 

i) supp a C B(x ,r), 

ii) \\a\\ Lq < ^(aro.r)! 1 ^- 1 , 

Hi) if r < g-p(xo) then J Rd a(x)dx = 0. 

The following atomic characterization of i/^(IR d ) is due to Dziubahski and Zienkiewicz 
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Theorem A. Let 1 < q < oo. A function f is in Hj^(M, d ) if and only if it can be 
written as f = J2j^j a j> where a,j are {H\,q)- atoms and J2j l-M < 00 ■ Moreover, 
there exists C > 1 suc/i that for every f G if^(IR d ) ; we /lave 

C^H/IUi < mf j]£ |A,| : / = ViJ < Cll/lk- 

Let 1 < g < 00. A nonnegative locally integrable function w belongs to the 
Muckenhoupt class A q , say w G A„ if there exists a positive constant C so that 

(2.4) J w{x)dxUg J {w{x))- 1/{ - q - x) dxy~ l <C, if 1< q < 00, 

B B 

and 

(2.5) — — / w{x)dx < Cess-inf w(x), if q — 1, 
I .£> I 7 zSB 

B 

for all balls -B in M d . We say that w G if w 6 for some g 6 [1, 00). 

Remark 2.1. TTie weight o~{x) = ^T^n^n belongs to the class A\. 

It is well known that 10 G A p , 1 < p < 00, implies w a A q for all q > p. For a 
measurable set E 1 , we note w(E) = J E w(x)dx its weighted measure. 

Definition 2.2. Let < p < 1. ^4 function $ z's called a growth function of order p 
if it satisfies the following properties: 

i) The function Q is a Orlicz function, that is, Q is a nondecreasing function with 
$(*) > 0, t > 0, $(0) = and Jim*-** = 00. 

iij T7ie function $ is 0/ /over type p, i/ioi is, i/iere ercisis a constant C > suc/i 
i/iai /or every s G (0, 1] and t > 0, 

<$>(st) < Cs p $(t). 

Hi) The function $ is of upper type 1, that is, there exists a constant C > such 
that for every s G [1, 00) and t > 0, 

$(st) < Cs$(t). 

We will also say that $ is a growth function whenever it is a growth function of 
some order p < 1 . 

Remark 2.2. i) Let $ be a growth function. Then, there exists a constant C > 
such that 



i=i ' i=i 

/or every sequence {tj}j>i of nonnegative real numbers. See Lemma 4-1 of [5]. 
iij T/ie function H(t) = log (*+t) is a growth function of order p for any p G (0, 1) 
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Now, let us define weighted Hardy- Orlicz spaces associated with L. 



space of all distributions / such that J Rd lo (^+mf(x)) io (e+\x\) ^ x < 00 w ^h the norm 



Definition 2.3. Given w G and $ a growth function. We say that a function 
f e L 2 (R d ) belongs to Hf )U ,(R d ) if f Rd <&(M L f{x))w(x)dx < 00. The space Hl w (R d ) 
is defined as the completion of H.® w (M. d ) with respect to the norm 

\\f\\ Htw := inf J A > : J < 1 

Remark that when w(x) = 1 and $(t) = t, the space Hf w (M. d ) is just Hl(R d ). 
We refer the reader to the recent work of D. Yang and S. Yang [10] for a complete 
study of the theory of weighted Hardy-Orlicz spaces associated with operators. 

3. The inclusion H log (R d ) c Hf a (R d ) 
The purpose of this section is to establish the following embedding. 
Proposition 3.1. H l ° e (M. d ) C and the inclusion is continuous. 

Recall (see [6]) that the weighted Hardy-Orlicz space H^(R d ) is defined as the 

WM 1 

log(e+£0l/(x)) log(e+|x|) ( 
A 

l 0g (e+^M) log(e+|x|)' 

Clearly, H log (M. d ) C H^(M. d ) and the inclusion is continuous. Consequently, the 
proof of Proposition \3.1\ can be reduced to showing that for every / e H^(M. d ), 

(3-1) \\f\\ H s a < C\\f\\ H s. 

Let 1 < q < 00. Recall (see [5]) that a function a is called a (if", g)-atom related 
to the ball B if 

i) supp a C B, 

ii) ||a|| Lg < a{B) l / q '~- 1 (a(B)- 1 ), where S" 1 is the inverse function of S, 

iii) J" Kd a(x)dx = 0. 

In order to prove Proposition 13. 1[ we need the following lemma. 
Lemma 3.1. Let 1 < q < 00. Then, 

(3.2) I SCA^/OOMaOdx < ^(S)"^^)- 1 /^!/!!^) 

/or even/ / multiples of (H^,q)-atom related to the ball B = B(xo,r), 
To prove Lemma 13.11 let us recall the following. 



inf < A > : / r-- — ; 1 , , dx < 1 
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Lemma 3.2 (see [8], Lemma 2). Let V G RH^/2- Then, there exists 5 > depends 
only on L, such that for every \y — z\ < \x — y\/2 and t > 0, we have 



\T t {x,y)-T t (x,z)\<C 



\y - A 
Vt 



S d \x-y\ 2 



t~*e ~ < C 





y- z 


S 


\x-y 


d+S 



Proof of Lemma \3. 11 First, note that a G A\ and H is a growtii function of order 
p for any p G (0, 1), see Remark 12.11 and Remark 12.21 Denote by M. the classical 
Hardy-Littlewood maximal operator. Then, the estimate Aiif < CAif, the L q a - 
boundedness of M. and Holder inequality give 



E(MLf{x))a(x)dx 



B(x ,2r) 



< 



C J E(Mf(x) + a(B)-^\\f\\ Ll )a(x)dx 



B{x ,2r) 



Mf{x) + a{B) 



(3.3) 



-1/9 

~ C J y o{B)-V*\\f\\ L% 

B(x ,2r) 

< Ca(B)Z(a(B)-V«\\f\\ L% ), 

m 



S(a(S)- l /«||/|| «)a(x)dx 



where we used the facts that t i— >• is nonincreasing and cr(5(xo, 2r)) < Ca(B). 
Let re £ B(x ,2r) and t > 0. By Lemma O and (T23D, 



T t f(x)\= T t (x,y)f(y)dy 



B 



< c 



Therefore, as H is of lower type 



2d+<5 



< Ca(B) 



< 1, 



(Tt(x, y) - T 4 (x, x ))f(y)dy 

\f(y)\dy 

r d+S 





y-xo 


<5 


\x — Xq 


d+S 



-1/9 



L<T |x - X \ d+5 



(3.4) 



S(A^ £ /(x))<7(x)dx 

(B(a:o,2r))' : 

< CE(a(B)- 1/q \ 

< Ca(B)E(a(B) ^ lJUV . 



\X — Xq 



d+6 



2d+S 
2(d+S) 



a(x)dx 



{B(x ,2r)Y 



-1/9 
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where we used (see [5J, page 412) 

r d+5/2 

\x - x \ d+s / 2 ' 



a(x)dx < Ca(B(x ,2r)) < Ca{B). 

\x — x'or 1 "f 

{B(x Q ,2r)Y 



Then, (13. 2p follows from ( 13. 3 j) and (13. 4p . This completes the proof. 

□ 



Proof of Proposition \3.1\ As mentioned above, it is sufficient to show that 

\\f\\ H i a < cII/IIhi 

for every / e H^(Mr). By Theorem 3.1 of [6j, there are multiples of (H£, 2)-atoms 
bj, j = 1,2,..., related to balls Bj such that / = Y^JLi bj and 

(3-5) A 2 ({&,-}) < C\\f\\ H§ , 

where 

A.(fc» := inf {a > : £ ff ( Bj )E(^M^I) < l' 

On the other hand, the estimate A^l/ < Y^jLi M-L(bj), Remark 12.21 and Lemma 
Ogive 



a(x)dx 



00 



□ 



< c, 

which implies that 1 1 / 1 1 ^ s < CA 2 ({6j}). Therefore, ( 13. 5 p yields 

ll/ll^ CT <C||/||^, 
which completes the proof of Proposition 13.11 

4. Proof of Theorem [2] and Theorem [3] 

Let P{x) = (4Tr)~ d / 2 e~\ x \ 2 / 4 be the Gauss function. For n e Z, following |4j, the 
space h^iW 1 ) denotes the space of all integrable functions / such that 

M n f(x)= sup \P y/i *f(x)\ = sup f p t (x,y)f(y)dy e L\R d ), 

where the kernel p t is given by p t (x,y) = (Ant)~ d ^ 2 e~ l «' . We equipped this space 
with the norm := \\M n f\\ L i. 

For convenience of the reader, we list here some lemmas used in our proofs. 
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Lemma 4.1 (see [JJ, Lemma 2.3). There exists a constant C > and a collection 
of balls B n , k = B(x n> k, 2~ n/2 ), n G Z, k = 1, 2, swc/i i/iai x„, fc G #n, <B n C U fe £ n>fc; 
and 

card {(n, fc') : B(x n>k , R2~ n/2 ) n £(av,k', ffi"™/ 2 ) ^ 0} < i? c 
/or all n, k and R>2. 

Lemma 4.2 (see [3J, Lemma 2.5). There are nonnegative C°° -functions ip n) k, n G 
Z, = 1, 2, supported in the balls B(x ni k, 2 1_n / 2 ) suc/i t/iat 

^^n,fc = l and ||V?MU~ < C2 n/2 . 

n,k 

Lemma 4.3 (see (4.7) in [3J). For every f G HliW 1 ), we have 

J2Un,kf\\ K <C\\f\\ Hl . 

n,k 

In this section, we fix a non-negative function (p G 5(R a! ) with supp (p C -8(0, 1) 
and j Rd (p(x)dx = 1. Then, we define the linear operator fj by 



In order to prove Theorem |2J we need two key lemmas. 

Lemma 4.4. T7ie operator .f) maps continuously Hl(R d ) into fT 1 (E <i ). 

The proof of Lemma [4.41 can be found in [7j (see Lemma 5.1 of [7]). 

Lemma 4.5. There exists a constant C = C((p,d) > such that for all (n,k) G 
Z x Z+, o G 5MO L (R d ) and / G /^(R d ) unto supp f C S(x n , fc , 2 1 -™/ 2 ), we have 

(<p 2 -n/2*f)g n < CII/llftill^llflMOi- 

To prove Lemma 14.51 we need the following. 

Lemma 4.6 (see [7j, Lemma 6.5). Let 1 < q < oo, nGZ and a; G Suppose that 
f G /i^(R d ) u«to supp f C -B(x, 2 1_n//2 ). Then, there are (H^, q)- atoms dj related to 
the balls B(xj,Tj) such that B(xj,Tj) C B(x, 2 2_n / 2 ) and 

i i 

u^'to. a positive constant C independent of n and f . 

Here and in what follows, for any B a ball in M. d and / a locally integrable function, 
we denote by fs the average of / on B. 
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Proof of Lemma \4 ■ 5\ As x n ^ £ B n , it follows from Lemma l4TB1 that there are (H^, 2)- 
atoms a™' fc related to the balls B(x™' k , r"' fc ) C B(x n ^, 2 2_ ™/ 2 ) such that 

(4.1) / J2 X f a f and ]pAj*| < 

j j 

where the positive constant C is independent of /, n, k. 

Now, let us establish that ip 2 -«/2 * Oj ,k is C times a (i^, 2)-atom related to the 
ball B(x n ^,5.2~ n ^ 2 ). Indeed, it is clear that ^p{x n ^) < 5.2~ n / 2 < CL,p(x n ,k) since 
x nt k £ B n ; and supp y? 2 -™/ 2 * a i' fc c B( x n,k, 5.2~ n//2 ) since supp C -8(0, 1) and supp 
a"' fc C B(x n<k ,2 2 - n / 2 ). In addition, 

\W2-^*af\\ L , < y^MlLihfh 1 ^ {2- n/2 )- d,2 \Mv < C\B(x ntk ,5.2-»' 2 )\- 1 ' 2 . 

These prove that (p 2 -n/2 * a"' fc is C times a (H^, 2)-atom related to B{x ri) k- ! 5.2 _ ™/ 2 ). 

By an analogous argument, it is easy to check that (<p 2 -n/2*dj' ){g — 9B(x n fc ,5.2~™/ 2 )) 
is C||^||bmo times a (H^, 3/2)-atom related to B(x nj k,5.2~ n / 2 ). 

Therefore, (14.11) yields 

{<p 2 -n/2*f)g i < C7j^|A i |||(¥> 2 -n/a*a i )(</-<7 B ( (Bnifct5 .2-»/a))|| fl i 



+C ^2 |Ailll^2-"/ 2 * %ll/ri|fl , fl( a!nifc ,5.2-»/a 



.7 



< C||/IUi Ibll-BMOx,) 

where we used |fl> B(a . n fci5 . 2 -»/a)| < ||</||bato l since p(x„ jfc ) < 5.2~ n / 2 . 



□ 



Our main results are strongly related to the recent result of Bonami, Grellier and 
Ky [TJ. In PQ, the authors proved the following. 

Theorem 4. There exists two continuous bilinear operators on the product space 
H^R*) x BMO(R d ), respectively S : F x (M rf ) x BMO(R d ) ^ L 1 ^) and T : 
H 1 ^*) x BMO(R d ) i — ^ # log (M d ) snc/i tfiat 

fxg = S{f,g)+T(J,g). 

Before giving the proof of the main theorems, we should point out that the bilinear 
operator T in Theorem H] satisfies 

(4-2) \\T{f,g)\\ H i oe < C\\f\\ m (\\g\\ BMO + \g Q \) 

where Q := [0, l) d is the unit cube. To prove this, the authors in [1] used the 
generalized Holder inequality (see also [2]) 



ll/0lli^<c||/||xi|M 



Exp 
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and the fact that \\g — <?q||exp < C||<?||BAro- Here, L log (IR d ) denotes the space of all 

log(e+|/(x)|)+log(e+|a : |) , 



measurable functions f such that L d — , , , \ — , , , n dx < oo with the norm 

JR" log e+ 1 fix +1oe le+\x ) 



L lo s 



inf A > : / r 7r ^ dx < 1 

log(e + + log(e + |x|) 



and Exp(M d ) denotes the space of all measurable functions / such that / M d(e'-^' 
1) r 1+ M\2d dx < 00 with the norm 

H/lkp = inf I A > : J (el/WIA - l)^^* < 1 

I R d 

In fact, Inequality f 14 . 2 [) also holds when we replace the unit cube Q by 5(0, r) 
for every r > since ||g — gB(o,r) ||e xp < CUpIIsa/o- More precisely, there exists a 
constant C > such that 

(4.3) < C||/|Ux(|b|| BJVf0 + |<7B ( o,p(o))|) < C\\f\\ L i\\g\\ BMOL 

for all / G L 1 (IR d ) and g G -BM0L(lR d ). As a consequence, we obtain 

(4-4) \\T(f,g)\\*«<C\\f\W\g\\BMO L 

for all / G i/ 1 ^) and 9 e £A/0 L (R d ). 

Now, we are ready to give the proof of the main theorems. 

Proof of Theorem We define two bilinear operators Sl and Tl by 
S L (f,g) = S(Sj{f),g) + (^2-n/» * (*Pn,kf))g 

n,k 

and 

T L (f,g)=Tft(f),g) 

for all (/,#) G #i(M d ) x BMO L (R d ). Then, it follows from TheoremU Lemma Ol 
Lemma 14.41 and Lemma 14.51 that 

\\S L (f,g)\W < \\S(m),g)\\ L i + cy2\\(^2-^*^n,kf))g 1 

II V / H T 

n,k L 

< C\\g\\ BMO \\^(f)\\ H i + C\\g\\ B MO L Hn,kf\\hi 

n,k 

< C\\f\\ H i\\g\\ B MO L , 

and as 

\\T L (f,g)\\ H ^ = \\T(Sj(f),g)\\ Hi o g < C\\Sj(f)\\ H 4g\\ BMOL 

< C\\f\\ H i\\g\\ BM o L - 
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Furthermore, in the sense of distributions, we have 
S L (f,g)+T L (f,g) 

^2 (^n,fe/ - <^2-»/2 * {lpn,kf)j ) x 9 + (^2-»/2 * {^n,kfYj9 
\ n,k J n,k 

= J^VVfc/ ) x 9 = f x 9, 
which ends the proof of Theorem [21 

□ 

Proof of Theorem^ By the proof of Theorem^ the function J2 n k( { P2- n / 2 *(i J n,kf))g 
belongs to H l L (R d ) C L 1 (M o! ). This implies that ^ n ^ 2 -„ /2 * {^n,kf))g) * <Pe 

tends to J2 n k(V2- n / 2 * ('0n,fe/))p almost everywhere, as e — ► 0. Therefore, applying 
Theorem 1.8 of [5J, we get 

lim(/ x #) e (x) = lim(^(/) x #) e (x) + lim ( VV^-n/a * (ip„, k f))g) * M x ) 
= ^(/)(a:)</(x) + 5^(^-"/2 * (Ai,kf))(x) g(x) 



n,k 



= f(x)g(x) 

for almost every x G M d , which completes the proof of Theorem [31 
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